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SUMMARY

The purpose of this work is to compare e�ciency of a number of numerical techniques of computation
of liquid vorticity from non-spherical bubble oscillations. The techniques based on the �nite-di�erence
method (FDM), the collocation method (one with di�erentiating (CMd) the integral boundary condition
and another without it (CM)) and the Galerkin method (GM) have been considered. The central-
di�erence approximations are used in FDM. Sinus functions are chosen as the basis in GM. Problems of
decaying a small distortion of the spherical shape of a bubble and dynamics of a bubble under harmonic
liquid pressure variation with various parameters are used for comparison. The FDM technique has been
found to be most e�cient in all the cases. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Discovery of the periodic single bubble sonoluminescence in a standing acoustic wave [1, 2]
and recently found phenomenon of nuclear emission during acoustic cavitation [3] stimulated
investigation of dynamics of small gas bubbles in a liquid. The bubble shape, its deviation
from the spherical one play an important role in bubble dynamics. With decreasing the bubble
size the in�uence of the liquid viscosity on the bubble shape variation increases. Accurate
approximation to description of the liquid viscosity e�ect within the full Navier–Stokes equa-
tions for the case of small deviation of the bubble shape from the sphere was proposed in
Reference [4]. In that approximation, the deviation from the spherical shape is governed by a
second-order ordinary di�erential equation which includes terms allowing for the liquid vortic-
ity all over its area. The liquid vorticity is described by a one-dimensional partial di�erential
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equation (to some extent similar to that of heat conduction) with an integral boundary con-
dition. Until recently the approximation of Prosperetti [4] has nearly not been used. Instead,
some other mathematically simpler ways [5–11] of taking liquid vorticity into account have
been utilized. All those ways are readily derived from Reference [4] by introducing some
additional assumptions. Three main assumptions can be outlined. The �rst one assumes the
liquid viscosity to be small so that the liquid vorticity on the bubble surface is only taken
into account. The second one assumes the liquid viscosity to be large. This allows one to
utilize the quasi-static distribution of the liquid vorticity. In the third assumption, the liquid
vorticity is considered to be zero everywhere including the surface of the bubble. Also, some
combinations of these assumptions are used. A concept of a thin viscous boundary layer is
introduced to match di�erent assumptions [10, 11]. The matching is performed through the
value of the boundary layer thickness.
As a result, the description of the spherical shape distortion in References [5–11] is

only comprised of an ordinary di�erential equation, which makes the analysis of a prob-
lem essentially simpler. At the same time, it has been shown in Reference [12] that additional
simplifying assumptions may lead to signi�cant errors in predicting the late stages of the
bubble surface distortion decay.
In the general case of using the approximation of Prosperetti [4], numerical methods are

necessary to �nd the solution to both the equation describing the distortion of the spherical
shape of the bubble and that describing the liquid vorticity. From the computational point
of view, the numerical procedure of solving the liquid vorticity equation is much more ex-
pensive. Therefore, the e�ciency of such a numerical procedure is very important. By now
several numerical techniques [12–16] have been used to solve the liquid vorticity equation.
Unfortunately, there is no indication how those techniques di�er in such an important criterion
as their e�ciency. In particular, the techniques based on the �nite-di�erence method (FDM)
are applied in References [12–15]. Many numerical aspects including those related to the
e�ciency of the numerical technique are not considered in References [12–14]. In Reference
[15], these issues are discussed comprehensively enough but only for the technique suggested
by the authors of Reference [15] without any comparison with others. A technique based on
the collocation method (CM) is used in Reference [16]. The CM was chosen in Reference
[16] according to earlier detailed investigation [17] of the e�ciency of a number of numerical
techniques for computing heat conduction inside the bubble and in the liquid around it. In
particular, comparison of the e�ciency of utilizing the FDM [14], Galerkin method (GM) and
CM is presented in Reference [17]. Among those the adaptive Galerkin–Chebyshev spectral
method was found to be the best, the FDM being the worst. Results of investigation of ef-
�ciency of heat conduction computation cannot be directly applied to the case with vorticity
because their mathematical descriptions are to a large extent di�erent. In particular, unlike
the case with the temperature, the boundary condition in the case of the liquid vorticity is of
integral character. Therefore, a special study is necessary to estimate e�ciency of di�erent
ways of the liquid vorticity computation.
The purpose of this work is to compare the e�ciency of a number of numerical techniques

of the liquid vorticity computation within the approximation of Prosperetti [4]. The techniques
based on the FDM [15], the CM (including its variant similar to that used in Reference [16])
and the GM are considered. In the technique of Aganin et al. [15], central �nite-di�erences
are used to approximate the derivatives. In the technique based on the GM sinus-functions are
taken as the basis. The e�ciency of the techniques is estimated by comparing their results of
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LIQUID VORTICITY COMPUTATION 117

computing two problems: decay of a small distortion of the spherical surface of a bubble and
dynamics of a bubble under harmonic liquid pressure variation. Various values of the liquid
viscosity and the pressure variation amplitude are considered. In all the cases, the technique
based on the FDM has been found to be most preferable.

2. NUMERICAL TECHNIQUES

2.1. Problem statement

Dynamics of a gas bubble in a viscous liquid is considered within the problem statement of
Prosperetti [4]. In that statement, the bubble surface equation is

r=R(t) +
∞∑
i=2
ai(t)Yi(�; ’) (1)

where r, �, ’ are the spherical co-ordinates with the origin in the bubble centre, t the time, Yi
the spherical surface harmonic of number i, ai(t) the amplitude of the corresponding deviation
from the spherical shape r=R, R the mean value of the radial co-ordinates of the bubble
surface, being called below the bubble radius. Distortion of the spherical bubble shape is
assumed small |ai(t)|=R(t)�1, i=2; 3; : : : :
The bubble radius R(t) and the deviation amplitude ai(t) are governed by the following

equations:

(
1− Ṙ
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+
4�
c0R

)
R �R+

3
2

(
1− Ṙ

3c0

)
Ṙ2

=

(
1 +

Ṙ
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)
pb − p∞
�0

− 4�Ṙ
R

− 2�
�0R

(2)

R �ai +
[
3Ṙ+ 2(i + 1)(i + 2)
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]
ȧi

−(i − 1)
[
�R− 2(i + 2) Ṙ�
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− �
�0R2

(i + 1)(i + 2)

]
ai

+2�i(i + 2)(2i + 1)Ri−2�i + i(i + 1)
Ṙ
R
�i=0 (3)

where �0, c0 are the density and the sound speed in the liquid, respectively, � the kinematic
liquid viscosity, � the surface tension, pb the gas pressure in the bubble, p∞ the liquid
pressure at large distance from the bubble,

�i= − i + 1
2i + 1

∫ ∞

R
Ti(r; t)r−i dr; �i=

∫ ∞

R

[(
R
r

)3
− 1
](

R
r

)i
Ti(r; t) dr
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The function Ti(r; t) is determined by the expression

∇ ×
(∞∑
i=2
Ti(r; t)Yi(�; ’)

)
e1 =∇ × u

where e1 is the unit vector of the radial co-ordinate, u the vector of the liquid velocity.
The function Ti(r; t) characterizes the toroidal component of the liquid vorticity. In the

general case the liquid vorticity � can be presented as �=S+T [4], where S is the poloidal
component. If S=0 at t=0 then S=0 at t¿0 [4]. The assumption S=0 at t=0 is used in
this paper.
The gas pressure in the bubble pb and the liquid pressure p∞ vary as follows:

pb =p0b

(
R30 − AR30
R3 − AR30

)�
; p0b =p0 +

2�
R0

(4)

p∞=p0 −�p sin!t (5)

In (4), (5), A is a constant, R0 the initial radius of the bubble, p0 the static pressure in the
liquid, �p and ! are the amplitude and the frequency of oscillation of the pressure p∞,
respectively.
The function Ti(r; t) is governed by the equation

@Ti
@t
+ ṘR2

@
@r

(
Ti
r2

)
+ �

(
i(i + 1)Ti

r2
− @2Ti
@r2

)
=0 (6)

subject to the boundary conditions

Ti(R; t)=
2

i + 1

[
(i + 2)ȧi − (i − 1) ṘR ai + (2i + 1)R

i−1�i

]
(7a)

Ti(∞; t)=0 (7b)

The initial conditions for Equations (2)–(7) are

R(0)=R0; Ṙ(0)=0; ai(0)= a0i ; ȧi(0)=0; T (r; 0)=0 (8)

All the numerical techniques studied below use the following change of variables:

�=R=r; 	= t

In new variables, Equations (6), (7) take the form

@Ti
@	
+

[
Ṙ
R
(�− �4)− 2�

R2
�3
]
@Ti
@�

− ��4

R2
@2Ti
@�2

+ �2
[
�i(i + 1)
R2

− 2Ṙ
R
�

]
Ti=0 (9)

Ti(0; 	)=0 (10a)

Ti(1; 	)=
2

i + 1

[
(i + 2)ȧi − (i − 1) ṘR ai − (2i + 1)R

i−1�i

]
(10b)
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where

�= − (i + 1)R1−i

2i + 1

∫ 1

0
�i−2Ti d�; �=R

∫ 1

0
(�3 − 1)�i−2Ti d�

While presenting numerical techniques of solving (9), (10) the lower index i indicating the
number of the spherical harmonic is omitted, i.e. T (�; 	) stands for Ti(�; 	), etc.

2.2. A technique based on the FDM

In this technique, the interval 06�61 is divided into N equal subintervals by the points
�0 = 0, �k+1 = �k+��, k=1; : : : ; N where ��=1=N . The following approximations are taken
for the spatial derivatives and the integrals:

(T�)k =
Tk+1 − Tk−1

2��
; (T��)k =

Tk+1 − 2Tk + Tk−1
��2∫ 1

0
�i−2T d�=

N∑
k=1
(�i−2k Tk + �i−2k+1Tk+1)

��
2

∫ 1

0
(�3 − 1)�i−2T d�=

N∑
k=1
[(�3k − 1)�i−2k Tk + (�3k+1 − 1)�i−2k+1Tk+1]

��
2

where the lower index k indicates the value of the corresponding function at �k . Equation (9)
leads to the N − 1 ordinary di�erential equations

Ṫ k +
Ak
2��

(Tk+1 − Tk−1)− Bk
��2

(Tk+1 − 2Tk + Tk−1) + CkTk =0 (11)

where k=2; : : : ; N ,
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2
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2
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{
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R
a− (i + 1)��

2

N∑
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}

Ak =
Ṙ
R
(�k − �4k)− 2�

R2
�3k ; Bk =

�
R2
�4k ; Ck = �2k

[
�
R2
i(i + 1)− 2 Ṙ

R
�k

]

In the technique based on the FDM, the solution to problem (2), (3), (6)–(8) is found
numerically by solving Equations (2), (3), (11) by the Dorman–Prince method [18] under
initial conditions (8).
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2.3. A technique based on the GM

While using the GM, the homogeneous boundary conditions are known to be more preferable.
This is derived here by introducing the function Q(�; 	)=T (�; 	)− �T (1; 	). Then

Q(0; 	)=Q(1; 	)=0

and

T (�; 	)=Q(�; 	) + �T (1; 	) (12)

It is easy to see that

T (1; 	)=
i

i + 2

(
A− 2

∫ 1

0
�i−2Q d�

)
(13)

and that

�= − i + 1
(i + 2)(2i + 1)Ri−1

(
A+ i

∫ 1

0
�i−2Q d�

)

�=R
∫ 1

0
�i+1Q d�− Ri(i + 5)

(i + 2)(i + 3)

∫ 1

0
�i−2Q d�− 3RA

(i + 2)(i + 3)

where

A=
2

i + 2

[
(i + 2)ȧ− (i − 1) Ṙ

R
a

]

Substitution of (12) into (9) gives

Q	 − 2i
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�
∫ 1

0
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[
Ṙ
R
(�− �4)− 2�
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]
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R2
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+ �2
[
�
R2
i(i + 1)− 2 Ṙ

R
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]
Q +

iȦ
i + 2

�

+
i
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Ṙ
R
(�− �4)− 2�

R2
�3
]
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[
�
R2
i(i + 1)− 2 Ṙ

R
�3
]}

×
(
A− 2

∫ 1

0
�i−2Q d�

)
=0 (14)

According to the GM, the unknown function Q(�; 	) is presented in the form

Q(�; 	)≈
N∑
k=1
bk(	)Hk(�) (15)
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where bk(	) are unknown coe�cients, Hk(�) the basis functions satisfying the homogeneous
boundary conditions Hk(0)=Hk(1)=0. Substitution of (15) into (14) leads to


=
N∑
k=1
ukḃk +

N∑
k=1
vkbk + w

where

uk =Hk − 2i�
i + 2

∫ 1

0
�i−2Hk d�
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Ṙ(�− �4)

R
− 2��3

R2

]
H ′
k − ��4
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− 2 Ṙ�
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Di�erential equations in bk(	), k=1; 2; : : : ; N are determined by the scalar products
(
;Hm)=0, m=1; 2; : : : ; N , where (a; b)=

∫ 1
0 ab d�. In the matrix form these equations can

be written as

Pḃ+Ab+ c=0 (16)

where b, ḃ, c, P, A are vectors and matrices with the elements bm, ḃm, cm=(w;Hm),
pm;k =(uk ; Hm), am;k =(vk ; Hm), respectively. We take Hk(�)= sin k��, which gives the
diagonally predominant matrix P.
In the technique based on the GM, the solution to problem (2), (3), (6)–(8) is found

numerically by solving Equations (2), (3), (16) by the Dorman–Prince method [18] under
initial conditions (8).

2.4. Two techniques based on the CM

In these techniques, the unknown function T (�; 	) is presented in the form [16]

T (�; 	)≈
N∑
k=0
uk(	)H2k(�) (17)

where H2k(�) are the Chebyshev polynomials of even order. Then

�= − i + 1
(2i + 1)Ri−1

N∑
k=0
uk
∫ 1

0
�i−2H2k(�) d�

�=R
N∑
k=0
uk

(∫ 1

0
�i+1H2k(�) d�−

∫ 1

0
�i−2H2k(�) d�

) (18)

The collocation points are chosen as �m= cos�m=2N , m=1; 2; : : : ; N .
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One can see that the boundary point �=0 is included in the set of the collocation points
with m=N . This is a convenient way of satisfying boundary condition (10a). It is based on
the fact that at �=0, Equation (9) is reduced to expression @T (0; 	)=@	=0 resulting from
di�erentiating boundary condition (10a).
By substituting (17) into (9) and putting �= �m, m=1; 2; : : : ; N , one can obtain N ordinary

di�erential equations

N∑
k=0
u̇kH2k(�m) +

N∑
k=0
uk

[(
Ṙ
R
(�m − �4m)− 2�

R2
�3m

)
H ′
2k(�m)

− �
R2
�4mH

′′
2k(�m) + �

2
m

(
�
R2
i(i + 1)− 2 Ṙ

R
�m

)
H2k(�m)

]
=0 (19)

in N + 1 unknowns u0; u1; : : : ; uN . One more equation is necessary to close the set of
Equations (19). Therefore, boundary condition (10b) is used for closing. Two methods of
closing are considered, one being exactly the same as that in Reference [16].
Method 1. One of the unknowns u0; u1; : : : ; uN , namely u0, is expressed in terms of the others
directly from (7a). Taking into account that Hm(1)=1 for any m one can write

u0 =
i − 1
i + 1

(
A−

N∑
k=1
uk(1 + 2Ii; k)

)
(20)

where

Ii; k =
∫ 1

0
�i−2H2k(�) d�; A=

2
i + 2

[
(i + 2)ȧ− (i − 1) Ṙ

R
a

]

Substitution of (20) into (19) leads to N ordinary di�erential equations in N unknowns uk

N∑
k=1
u̇k

[
H2k(�m)− i − 1

i + 1
(1 + 2Ii; k)

]

+
N∑
k=1
uk

{(
Ṙ
R
(�m − �4m)− 2�

R2
�3m

)
H ′
2k(�m)− �

R2
�4mH

′′
2k(�m)

+ �2m

(
�
R2
i(i + 1)− 2 Ṙ

R
�m

)[
H2k(�m)− i − 1

i + 1
(1 + 2Ii; k)

]}

− i − 1
i + 1

[
Ȧ+ A�2m

(
�
R2
i(i + 1)− 2 Ṙ

R
�m

)]
=0 (21)

Method 2 [16]. Boundary condition (10b) is di�erentiated with respect to 	 to obtain

Ṫ (1; 	)=
2

i + 1

[
(i + 2) �a− (i − 1)

(
�R
R
a− Ṙ

2

R2
a+

Ṙ
R
ȧ

)
− (i + 1)

∫ 1

0
�i−2T	 d�

]
(22)
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The set of equations (19) is closed by the equation

N∑
k=0
u̇k −

N∑
k=0
uk

[
(i − 1) Ṙ

R
+
2i�
R2

− 8�k2

R2
+
2iṘ
R

∫ 1

0
�i+1H2k(�) d�

]

−2(i + 2)
i + 1

�a+
2(i − 1)
i + 1

�R
R
a+

2(i − 1)(i + 3)
i + 1

Ṙ
R
ȧ− 2i(i − 1)

i + 1
Ṙ
2

R2
a=0 (23)

which is derived from (22) by using (20), (9), (18) and taking into account that Hk(1)=1
and H ′

k(1)= k
2. The integrals in (18), (21) and (23) can be evaluated exactly.

Thus, two techniques based on the CM are considered, with (CMd) and without (CM)
di�erentiation of the integral boundary condition. The solution to problem (2), (3), (6)–(8)
is found numerically by solving Equations (2), (3), (19), (23) in the �rst one and Equations
(2), (3), (21) in the second one. In both cases the numerical solution is obtained by the
Dorman–Prince method [18] under initial conditions (8).

3. RESULTS

This section presents results of investigation of four numerical techniques for solving
problem (2)–(8). In particular, the FDM, GM, CMd, and CM techniques based on the �nite
di�erence (FDM), Galerkin (GM) methods and the CM with (CMd) and without (CM) dif-
ferentiation of the integral boundary condition are considered. They have been described in
Sections 2.1– 2.3. Convergence of numerical solution with increasing the number of grid cells
in the FDM technique, the number of the basis functions in the GM technique and the number
of the collocation points in the CMd and CM techniques is investigated in view of compar-
ison of their e�ciency with respect to the computational time consumption. The e�ciency
is compared using two typical bubble dynamics problems: decay of a small distortion of the
spherical bubble shape and dynamics of a bubble with a small deviation from the spherical
shape under harmonic liquid pressure variation. The following criterion

max
06t6tf

|lg |ai;N2=a0i | − lg |ai;N1=a0i ||¡� (24)

is taken for numerical convergence. In (24), ai;N = ai;N (t) is the value of ai(t) computed with
N grid points in the FDM technique, N the basis functions in the GM technique, and N
the collocation points in the CMd and CM techniques, N1, N2 are values of N , � is a small
positive number, tf the time instant.

3.1. Problem 1: decay of a small distortion of the spherical bubble shape

At t¡0 a gas bubble with a small distortion of the spherical shape in the form of the
ith harmonic Yi (ai �=0) rests in a viscous liquid. The distortion of the bubble shape is
supplied by the action of some surface forces equilibrating the action of the surface tension.
At the instant t=0 the action of the equilibrating forces suddenly terminates. As a result, the
bubble shape starts oscillating. With time the amplitude of these oscillations decreases due
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124 A. A. AGANIN AND N. A. KHISMATULLINA

Figure 1. Time-dependences of the relative bubble shape distortion amplitude logarithm lg |a2=a02| in
06t6tf. (a) N =8—dotted curve, 16—solid curve) and spatial distributions of the liquid vorticity
function T̃ 2(�; 	) at the instant tf, (b) N =8—dashed curve, 16—dotted curve, 24—solid curve) by

the CM technique under �=0:5× 10−6 m2=s, tf=20 �s.

to the liquid viscosity. The liquid pressure p∞ far from the bubble and the bubble radius R
remain constant. The problem is considered under the following data: i=2, �=0:073 N=m,
�0 = 103 kg=m

3, c0 = 1500 m=s, a02 = 10
−3R0, Ṙ(0)=0, ȧ2(0)=0, T2(r; 0)=0, R0 = 4:5 �m,

�=�∗=0:5, �∗=10−6 m2=s (�∗ is an auxiliary parameter), p0 = 1 bar, !=0, �p=0.
Figures 1 and 2 illustrate some features of the numerical convergence of the CM technique

with increasing the number N and the temporal interval 06t6tf. Time-dependences of the
relative distortion amplitude logarithm lg |a2=a02| and the spatial distributions of the function
T̃ 2 =T2(�; 	)R0=a02 characterizing the liquid vorticity at the instant tf are given in Figures 1(a),
2(a) and Figures 1(b), 2(b), respectively. Figure 1 illustrates the numerical convergence in
the interval 06t6tf=20 �s while Figure 2 in 06t6tf=100 �s.
In Figures 1 and 2, graphical coincidence of curves of di�erent N is observed for the time-

dependences of lg |a2=a02| in 06t6tf under somewhat smaller values of N than it is for the
spatial distributions of T̃ 2(�; 	). This is due to the fact that, according to (3), the in�uence of
the liquid vorticity on the bubble shape distortion is of integral character. One can also notice
in Figures 1 and 2 that the more the length of the temporal interval 06t6tf the greater
the value of N required for computing numerical solution of the prescribed accuracy. Similar
properties but with some slight di�erences are also manifested by other numerical techniques
under consideration (FDM, GM, CMd). More detailed information (but in the less pictorial
form) about e�ciency of each technique is given in Tables I and II.
Table I contains the computational time consumption T , i.e. the time required for numerical

solution of problem 1 up to the instant tf, the instant tf and a few values of N . The com-
putational time consumption T is presented in dimensionless units relative to the amount of
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Figure 2. Same as in Figure 1 but under tf=100�s and in (b) thin solid curve corresponds
to N =24, solid curve to N =48.

Table I. Computational time consumption T of a technique to solve problem 1 in 06t6tf
under some N and tf.

Technique

tf (�s) N FDM GM CMd CM

20 8 ¡1 10 2 5
16 ¡1 12 30 75
24 ¡1 15 230 450
32 ¡1 35 1000 1700
48 1 130 9500 13 100

100 8 ¡1 22 7 8
16 1 37 150 150
24 1 77 1080 1100
32 2 180 5000 5300
48 4 ¿4:7× 104 46 982

Table II. N and T required by a technique to solve problem 1 in 06t6tf with criterion
(24) where �=10−3 under some tf.

Technique

FDM GM CMd CM

tf (�s) N T N T N T N T

20 16 ¡1 16 15 16 30 16 73
100 16 1 24 80 ¿48 ¿4:7× 104 32 1100
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computational time necessary for numerical solution of problem 1 up to the instant tf=100�s
by the FDM technique under N =16. One can see in Table I that under a �xed value of N
the FDM technique requires the least computational time. In the descending order in T , the
FDM technique is followed (in most cases) by the GM one, then the CMd and CM ones
come.
The values of N and T for numerical solution of problem 1 with criterion (24) where

�=10−3 are shown in Table II. It can be seen that the numerical convergence of all the
techniques except the CMd one is nearly equal. Their numerical solutions satisfy criterion
(24) with the prescribed accuracy under N =16 or 24. Table II allows one to conclude that
the most e�cient technique is that based on the FDM, and then the GM one comes. The
technique based on the CM with integral boundary condition di�erentiation [16] works better
than that without di�erentiation only when tf=20�s. When tf=100�s the time consumption
of the CMd technique becomes really enormous.
Thus, the results presented above allow one to conclude that while solving the problem of

decaying a small distortion of the spherical shape of the bubble surface the FDM technique
in every respect appears to be signi�cantly more e�cient.

3.2. Problem 2: dynamics of a bubble under harmonic liquid pressure variation

The only di�erence between the statements of this problem and problem 1 is that at t=0
the liquid pressure p∞ far from the bubble begins here varying according to harmonic law
(4). Variation of p∞ leads to oscillations of the bubble radius R. Variation of R in�uences
the temporal behaviour of the deviation amplitude ai. With increasing the pressure oscillation
amplitude �p this in�uence increases.
Problem 2 is considered for the data typical of the SBSL regime [1, 2]: i=2, �=0:073N=m,

�=10−6 m2=s, �0 = 103 kg=m
3, c0 = 1500m=s, a02 = 10

−3R0, Ṙ(0)=0, ȧ2(0)=0, T2(r; 0)=0,
!=2�=26400Hz, R0 = 7�m, p0 = 1 bar. The oscillation amplitude �p of the liquid pressure
p∞ far from the bubble is taken to be 0.5, 1 and 3 bar.
Figures 3–8 illustrate features of numerical convergence of the FDM technique with in-

creasing the number N and the time interval 06t6tf under �p=p0 = 0:5, 1 and 3. Figures
3 and 4 correspond to �p=p0 = 0:5, Figures 5 and 6 to �p=p0 = 1, and Figures 7 and 8 to
�p=p0 = 3. Figures 3(a)–8(a) present time-dependences of the relative distortion amplitude
logarithm lg| a2=a02| and the bubble radius R in the interval 06t6tf. Figures 3(b)–8(b) show
the spatial distributions of the liquid vorticity function T̃ 2 =T2(�; 	)R0=a02 at the instant tf.
Figures 3, 5 and 7 are for tf=40 �s, Figures 4, 6 and 8 for tf=100 �s.
The bubble shape oscillations are stable under �p=p0 = 0:5, 1 and they are unstable under

�p=p0 = 3. The value �p=p0 = 1 is the closest to the stability boundary. Under �p=p0 = 0:5
the in�uence of the external excitation on the time-dependences of lg |a2=a02| and the spatial
distributions of T̃ 2(�; 	) is insigni�cant: the corresponding curves in Figures 3 and 4 are
qualitatively similar to those presented in Figures 1 and 2 for problem 1 without any external
excitation.
As for problem 1, graphical coincidence of the curves of lg |a2=a02| is observed in

Figures 3–8 at somewhat smaller values of N than it is for the curves of T̃ 2(�; 	) and the
di�erence in curves of the same N increases with increasing tf. These features of the FDM
technique are also typical of other techniques. More detailed information characterizing the
e�ciency of all the techniques is given in Tables III–V.
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Figure 3. Time-dependences of the relative bubble shape distortion amplitude logarithm lg |a2=a02| and
the bubble radius R in 06t6tf. (a) N =8—dotted curve, 16—solid curve) and spatial distributions
of the liquid vorticity function T̃ 2(�; 	) at the instant tf, (b) N =16—dashed curve, 32—dotted curve,

64—solid curve) by the FDM technique under �p=0:5 bar, tf=40 �s.
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Figure 4. Same as in Figure 3 but under tf=100 �s and in (a) solid curve corresponds to N =32.

Tables III and IV contain the computational time consumption T required to numerically
solve problem 2 up to the instant tf under a few values of N and three values of �p for
tf=40 and 100 �s, respectively. The data of these tables shows again that at a �xed N the
FDM technique consumes the least amount of the computational time, then, in ascending
order of T (in the most cases) the GM technique comes, followed by the CMd and CM
ones.
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Figure 5. Time-dependences of the relative bubble shape distortion amplitude logarithm lg |a2=a02| and
the bubble radius R in 06t6tf. (a) N =8—dotted curve, 16—dashed curve, 32—solid curve) and
spatial distributions of the liquid vorticity function T̃ 2(�; 	) at the instant tf, (b) N =16—dashed curve,

32—dotted curve, 48—solid curve) by the FDM technique under �p=1 bar, tf=40 �s.

Figure 6. Same as in Figure 5 but under tf=100 �s and in (a) thin solid line corresponds to N =8,
in (b) dotted curve corresponds to N =24.

The values of N and T for numerical solution of problem 2 in 06t6tf with criterion (24)
where �=10−3 under tf=40 and 100 �s, �p=p0 = 0:5, 1 and 3 are given in Table V. This
table shows that in all the cases considered the FDM technique requires the greatest value of
N to attain numerical convergence. Despite this fact its time consumption T is everywhere the
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Figure 7. Time-dependences of the relative bubble shape distortion amplitude logarithm lg |a2=a02| and
the bubble radius R in 06t6tf, (a) N =32—dotted curve, 64—solid curve) and spatial distributions
of the liquid vorticity function T̃ 2(�; 	) at the instant tf, (b) N =32—dashed curve, 64—dotted curve,

128—solid curve) by the FDM technique under �p=3 bar, tf=40 �s.
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Figure 8. Same as in Figure 7 but under tf=100 �s and in (a) dashed curve corresponds to N =32,
dotted curve to 64, solid curve to 128.

least. The case of �p=p0 = 3 is most di�cult for computation due to developing instability. In
this case all the techniques except the FDM one fail to give numerical solution for tf=100�s
within reasonable computational time consumption. Moreover, the GM technique fails even

Copyright ? 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 48:115–133



130 A. A. AGANIN AND N. A. KHISMATULLINA

Table III. Computational time consumption T of a technique to solve problem 2 in
06t6tf=40 �s under some N and �p=p0.

Technique

N
�p
p0

FDM GM CMd CM

8 0.5 ¡1 17 13 24
1 1 35 26 40
3 ¡1 47 12 15

16 0.5 ¡1 43 100 120
1 1 96 250 300
3 1 76 90 100

24 0.5 ¡1 90 450 480
1 2 210 980 970
3 1 130 520 600

32 0.5 1 170 1600 1660
1 2 460 2660 2780
3 2 210 1900 2260

48 0.5 3 420 13 800 14 800
1 6 1200 15 900 16 600
3 3 500 11 500 13 200

64 0.5 6
1 11
3 4

128 0.5 33
1 53
3 20

256 0.5 200
1 290
3 100

when tf=40�s. In the case of stable oscillations the most e�cient FDM technique is followed
by GM one. Two techniques based on the CM have no any signi�cant advantage over each
other.
Thus, the results presented above allow one to conclude that while solving the problem of

dynamics of a bubble under harmonic liquid pressure variation in the interval 0:56�p=p063
the FDM technique is again most e�cient in every respect.
It should be noted that, according to Tables II and V, the dependence of the values of N

and T required by a technique to solve problems 1, 2 in the interval 06t6tf with criterion
(24) on the length of this interval is stronger for the CM and CMd techniques than is for
the FDM and GM ones. It follows that the FDM and GM techniques are more preferable for
applying in large temporal intervals.
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Table IV. Same as in Table III but for tf=100 �s.

Technique

N
�p
p0

FDM GM CMd CM

8 0.5 ¡1 38 24 18
1 1 92 60 50
3 1 96 25 21

16 0.5 1 77 180 160
1 2 220 480 450
3 2 160 200 180

24 0.5 1 160 1000 950
1 3 470 1900 1800
3 3 260 1300 1200

32 0.5 2 280 4900 4100
1 5 820 5400 6000
3 3 430 8600 9500

48 0.5 6 690 37 100 37 000
1 14 2100 36 600 39 000
3 7 1060 ¿2:9× 105 ¿1:8× 105

64 0.5 11
1 25
3 10

128 0.5 67
1 125
3 40

256 0.5 470
1 680
3 200

Table V. N and time consumption T required by a technique to solve problem 2 in 06t6tf
with criterion (24) where �=10−3 under some tf and �p=p0.

Technique

FDM GM CMd CM

tf (�s)
�p
p0

N T N T N T N T

40 0.5 64 5 16 40 32 1570 16 120
1 128 53 24 210 16 250 16 300
3 512 550 ¿48 ¿104 32 1900 32 2300

100 0.5 64 10 24 160 ¿48 ¿3:6× 104 24 940
1 128 130 24 470 24 1900 24 1800
3 512 1130 ¿48 ¿105 ¿48 ¿2:9× 105 ¿48 ¿1:8× 105
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4. CONCLUSION

Comparison of e�ciency of several numerical techniques for the liquid vorticity computation
within approximation of Prosperetti [4] has been performed. The techniques based on the
�nite-di�erence [15], Galerkin and collocation methods have been considered. Two variants
of using the collocation method, with [16] and without di�erentiation of the integral boundary
condition, have been studied. Sinus-functions have been taken as the basis in the technique
utilizing the Galerkin method. Solutions of two problems, decay of a small distortion of
the spherical surface of a bubble and dynamics of a bubble under harmonic liquid pressure
variation in the regime of SBSL [1, 2], for a number of values of their parameters have been
used to compare e�ciency of the techniques. In all the cases, the technique [15] based on
the �nite-di�erence method has been found to be much more (�ve and even more times)
preferable in view of the computational time consumption. In applications this advantage will
be still more signi�cant due to the fact that the �nite-di�erence expressions are de�nitely
simpler to obtain and to code. It should be emphasized that this result is in some sense
opposite to that stated in Reference [17] for the numerical techniques of the heat conduction
computation in bubble dynamics because equations of heat conduction and vorticity are to
some extent similar to one another. According to Kamath and Prosperetti [17], in the case of
heat conduction the �nite-di�erence technique is the least e�cient.
The relation between e�ciency of other techniques is not so clear. It can just be noted that

while using the Galerkin method the number of the basis functions necessary to attain the
solution of a prescribed accuracy appears to be less dependent on the length of the temporal
interval.
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